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ABSTRACT 

A mathematical  t echnique  t o  o b t a i n  an approximate 

I . a n a l y t i c  s o l u t i o n  t o  t h e  t r a j e c t o r y  problem of a p l a n e t a r y  

(or l u n a r )  f l y b y  o r  impact  i s  p resen ted  for  t h e  cop lana r  case. 

The approximate s o l u t i o n  i s  v a l i d  i n  r eg ions  i n c l u d i n g  both 

t h e  approach phase ( t r a n s i t i o n  r e g i o n )  and t h e  encounter  

phase  (dominant p l a n e t a r y  o r  l u n a r  f o r c e  r e g i o n ) .  For  a 

s p a c e c r a f t  impact ing  upon a f i c t i t i o u s  p l a n e t  of p o i n t  m a s s ,  

t h e  approximate solution i s  shown t o  be nons ingular  a t  t h e  

t i m e  (or p o i n t )  of impact.  

s o l u t i o n  has  n o t  been tested, due t o  l a c k  of a v a i l a b i l i t y  of 

a computer program f o r  d i r e c t  i n t e g r a t i o n  of t h e  n o n l i n e a r  

d i f f e r e n t i a l  eqtzatisns of the coplanar  case .  

The numerical  accuracy of t h e  
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I. INTRODUCTION 

The t r a j e c t o r y  s tudy  of a s p a c e c r a f t  moving 
i n  s o l a r  o r b i t  toward t h e  v i c i n i t y  of a p l a n e t  f a l l s  i n  
t h e  c l a s s  of r e s t r i c t e d  three-body problems. A t  p r e s e n t ,  t h e  
s o - c a l l e d  patched con ic s  method, matched asymptot ic  expansion 

method , [11-[51 
approximate t r a j e c t o r i e s ,  whereas f i n a l  a c c u r a t e  t ra jec tor ies  
are always ob ta ined  by numerical i n t e g r a t i o n  of t h e  equa t ions  of 
motion. 
numbers b u t  n o t  t h e  i n s i g h t  t h a t  an  a n a l y t i c  s o l i i t i o n  can impar t .  

For p l a n e t a r y  ( o r  l u n a r )  f l y b y  o r  impact problems, t h e r e  i s  no 
known a n a l y t i c  s o l u t i o n  which is v a l i d  i n  r e g i o n s  i n c l u d i n g  both 

t h e  approach phase ( t r a n s i t i o n  r e g i o n )  and t h e  encounter  phase 
(dominant p l a n e t a r y  o r  l u n a r  fo rce  r e g i o n ) .  I t  i s  t h e  purpose 
of t h i s  paper  t o  show t h a t  such an  approximate a n a l y t i c  s o l u t i w  

i n  t h e s e  r eg ions  can be obta ined  by a technique t h a t  p rov ides  
a s i n g l e  cont inuous s o l u t i o n  i n  t h e s e  two r eg ions  wi thou t  
r e s o r t i n g  t o  matching two s o l u t i o n s .  

o r  s e p a r a t r i x  method 16] can be used t o  o b t a i n  

The method of numerical i n t e g r a t i o n  can y i e l d  u s e f u l  

There i s  no a v a i l a b l e  method t o  s o l v e  t h e  g e n e r a l  non- 
l i n e a r  v e c t o r  equa t ion  of motion of a res t r ic ted three-body 
problem, b u t  f o r  p l a n e t a r y  f lyby  or impact problems, w e  show 
t h a t  t h e  s c a l a r  component equat ions  of t h e  v e c t o r  equa t ion  c a n  
be " l i n e a r i z e d "  i n  t h e  r eg ion  of i n t e re s t  and can be so lved  
wi thou t  d i f f i c u l t i e s  of  encounter ing a s i n g u l a r i t y  i n  t h e  

neighborhood of t h e  p e r t u r b i n g  body. 
i n  a p o l a r  coord ina te  system, t h e  equat ions  f o r  bo th  t h e  t i m e  
of f l i g h t  t and t h e  h e l i o c e n t r i c  d i s t a n c e  r of  t h e  s p a c e c r a f t  

For t h e  cop lana r  case 
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c o n t a i n  a cont inued f r a ~ t i o n ' ~ ]  i n  i n t e g r a l  form wi th  e ( t h e  p o l a r  
ang le  between r and t h e  reference d i r e c t i o n )  as t h e  i n t e g r a t i o n  

v a r i a b l e .  
equa t ions  depend on t h e  accuracy of t h e  approximate v a l u e  
(determined by t h e  number of f r a c t i o n s  taken  i n t o  c o n s i d e r a t i o n )  
t o  be used i n  e v a l u a t i n g  t h e  cont inued f r a c t i o n .  The l i n e a r i z e d  
d i f f e r e n t i a l  equa t ion  of motion appears  i n  t h e  f o r m  

The a c c u r a c i e s  o b t a i n a b l e  i n  s o l v i n g  t h e  component 

where E i s  a c o n s t a n t  much smaller than  u n i t y ,  
a v e r y  l a r g e  va lue  o r  i n f i n i t y  a s  e approaches E o r  zero,  and 
F(A)  i s  t h e  f o r c i n g  f u n c t i o n .  

S ( e )  approaches 

For an  a r b i t r a r i l y  p re sc r ibed  S ( e )  , t h e  homogeneous 

p a r t  of t h e  above d i f f e r e n t i a l  equa t ion  cannot  be so lved  e x a c t l y  
by 2 r e s e n t l y  known mathematical  methods. 
shown t h a t  t h e  d i f f e r e n t i a l  equa t ion  can be so lved  approximately 
w i t h  p r e s c r i b e d  accuracy i n  t h e  r e q i o n  of i n t e r e s t  hy the method 
d e s c r i b e d  i n  r e f e r e n c e s  181 and [ 9 ] .  

ous s o l u t i o n  of t h e  above equat ion  has  t h e  form 

However, it can be 

The approximate homogene- 

and i s  a c c u r a t e  t o  O ( E  2 ) i n  t h e  r eg ion  of i n t e r e s t  where s ( e )  
becomes very  l a r g e  o r  s i n g u l a r  as 8 approaches zero.  

I n  t h e  fo l lowing  s e c t i o n ,  w e  s h a l l  show how t h e  

imhomogeneous d i f f e r e n t i a l  equat ion  of motion i s  ob ta ined ,  l i n -  
e a r i z e d ,  and so lved .  
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11. MATHEMATICAL FORMULATION 

I n  t h e  sun ( m a s s  M )  - c e n t e r e d  p o l a r  c o o r d i n a t e  
system shown i n  Fig.1,  t h e  vec to r  equa t ion  of motion of a space- 
c r a f t  s (mass ms)  moving, under t h e  i n f l u e n c e  of t h e  sun ,  toward 
t h e  v i c i n i t y  of a d e s t i n a t i o n  p l a n e t  p (mass m )  i s  

.. r r r 
3 r = -G(M+ms)= - Gm - 

r 

where G i s  t h e  u n i v e r s a l  g r a v i t a t i o n a l  c o n s t a n t ,  
r i s  t h e  v e c t o r  from t h e  c e n t e r  of m a s s  of t h e  - 

sun t o  t h a t  of the  s p a c e c r a f t ,  
r i s  t h e  v e c t o r  from t h e  c e n t e r  of m a s s  of t h e  
-P 

sun t o  t h a t  of the  d e s t i n a t i o n  p l a n e t ,  
r i s  t h e  v e c t o r  from t h e  c e n t e r  of mass of t h e  
-PS 

planc-t  t o  that of the spacecraft, 2nd 

r,rP,rPS are r e s p e c t i v e l y  t h e  magnitudes of r ,  - r 'p' r -ps '  

Assuming t h e  c o n d i t i o n  M > > m > > m s ,  w e  can w r i t e  Eq .  (1) as 

Previous  s t u d i e s  ''I -I6] have encountered t h e  d i f f i c u l t y  t h a t  
t h e  p e r t u r b i n g  t e r m  of Eq.(2) a p p a r e n t l y  becomes ve ry  l a r g e  o r  
s i n g u l a r  when r approaches zero. I n  r e a l i t y ,  however, t h e  
p e r t u r b i n g  t e r m  may tend  t o  be extremely l a r g e  b u t  never  become 
s i n g u l a r  f o r  t h e  case of a f lyby  o r  d i r e c t  impact ,  s i n c e  r 

PS 
does n o t  van i sh  even i n  t h e  case of d i r e c t  impact due t o  t h e  

PS 
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f a c t  t h a t  t h e  moon or p l a n e t s  a r e  n o t  p o i n t  masses. 
w i l l  be e x p l o i t e d  i n  t h e  formulat ion t o  be fol lowed.  

T h i s  f a c t  

The v e c t o r  equat ion  of motion of Eq.(2) can be 
r e so lved  i n t o  components a long and perpendicular -  t o  t h e  vector 
- r ,  f o r  t h e  coplanar  case ,  a s :  

where 

r - r i2  = -GM[> + p($- + Q c o s ~ ) ~ ,  

PS 

rij + 2G6 = - ~ G M Q  sinB,  

e i s  the  angle  between t h e  r e f e r e n c e  d i r e c t i o n  
A 

y and r ,  and - 
B i s  t h e  angle  between r and r as shown in - -P 
Fig.1. 

I n t e g r a t i o n  of Eq. ( 4 )  y i e l d s  : 

( 3 )  

( 4 )  

(5) 

where ho i s  t h e  c o n s t a n t  of i n t e g r a t i o n  or t h e  i n i t i a l  s p e c i f i c  
angu la r  momentum of t h e  s p a c e c r a f t  w i t h  r e s p e c t  t o  t h e  sun. 
I n v e r t i n g  and i n t e g r a t i n g  Eq.(6) y i e l d s :  

-1 

t = [ ck - 
f r Q s i n e d t ]  de . 

i ti 
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Equat ion ( 7 )  i s  an  i n t e g r a l  equat ion  i n  t h e  unknown t t o  be 

so lved .  
form of Eq .  ( 3 )  can be transformed i n t o  a m o r e  t r a c t a b l e  form by 
l e t t i n g  r = - and becomes 

T h e  n o n l i n e a r  d i f f e r e n t i a l  equa t ion  of motion i n  t h e  

1 
Y 

1 

(8) 

Note t h a t  E q s .  ( 7 )  and ( 8 )  are e x a c t  and c o n t a i n  t h e  same f a c t o r  

Y 
i Qsin"l 

With t h e  a i d  of E q .  (7), Eq. ( 9 )  can be cas t  i n t o  a cont inued  
i n  i n t e g r a l  form as 

( 9 )  
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Neglec t ing  t h e  t e r m  hoy Pd t ,  w e  can s i m p l i f y  Eq . (9a )  as I’ 
ti 

Pd0 

Pde ei 1 + 
1 + in[ + 4; Pde) 

N = l +  

pGM QsinB p = - -  
2 3 .  where 

hO Y 

The accuracy of h i s  determined by t h e  number of f r a c t i o n s  
taken  i n t o  c o n s i d e r a t i o n  and w i l l  be discussed f u l l y  i n  
Appendix I. The a c c u r a c i e s  of Eqs. ( 7 )  and ( 8 )  are i n  t u r n  de- 
termined by the accuracy of N .  By u s i n g  E q s .  ( 9 )  and ( 1 0 )  / 

E q s .  ( 7 )  and (8) appear r e s p e c t i v e l y  i n  t h e  fo l lowing  n e a t  forms: 

where 

i s  the f o r c i n g  f u n c t i o n .  

I n  an a t t empt  t o  s impl i fy  t h e  problem, w e  l i n e a r i z e  
t h e  n o n l i n e a r  terms i n  E q s .  (11) and ( 1 2 )  by series expansions about 
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e = e  where t h e  sun ,  p l a n e t ,  and s p a c e c r a f t  are c o l i n e a r .  I n  
doing so w e  can expres s  P ,  N ,  and F e x p l i c i t l y  i n  t e r m s  of e .  
I n  t h i s  and t h e  n e x t  f e w  paragraphs w e  s h a l l  o b t a i n  t h e  series 
expansions of r ,  r B ,  and r i n  t e r m s  of e .  A s  mentioned 

ear l ie r ,  t h e  d i s t a n c e  r between t h e  c e n t e r  of t h e  d e s t i n a t i o n  
p l a n e t  and t h e  s p a c e c r a f t  is nonvanishing, even f o r  t h e  c a s e  of 

d i r e c t  impact w i t h  a non-point-mass p l a n e t .  I f  w e  s p e c i f y  t h e  
d i s t a n c e  between the  c e n t e r  of the d e s t i n a t i o n  p l a n e t  and t h e  

s p a c e c r a f t  t o  be  sc a t  t h e  t i m e  when t h e  sun,  d e s t i n a t i o n  p l a n e t ,  
and s p a c e c r a f t  are c o l i n e a r  ( i .e . t  when 0 = 8  = e c ,  o r  8=0) ,  t h e  
zeroth-order approximate s o l u t i o n  of t h e  s p a c e c r a f t  o r b i t  is  

an  e l l i p s e  

C 

P '  PS 
PS 

P 

a. (l-eo) 2 - h:/GM 
r =  - o 1+ e cos(e-uO) 1 +  eo cos(e-w0) 

0 

1.1 wLGre . m a i s  fie zeroth-orcier semi-major a x i s  of 
t h e  e l l i p s e ,  

0 

e- i s  t h e  zeroth-order eccentricity cf t h e  
U 

e l l i p s e ,  and 

w i s  t h e  zeroth-order argument of p e r i -  
0 

c e n t e r  of t h e  e l l i p s e .  

N o t e  t h a t  ao, eo, and w 

Theorem under t h e  i n i t i a l  cond i t ion  t h a t  
of Eq.(13) are ob ta ined  by t h e  Lambert 

0 

r ( e = e i )  = r , a t  t = te , 
'i i 

and t h e  t e r m i n a l  c o n d i t i o n  t h a t  

r ( e = e c )  = r ( e  = e c )  i sc , 
P P  
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where sc can be e i t h e r  p o s i t i v e  o r  n e g a t i v e .  

The series expansion of r of Eq.(13) about  e=ec  is:  
0 

(15) 
where prime denotes  t h e  d e r i v a t i v e  wi th  r e s p e c t  t o  8 .  

I f  w e  make t h e  s u b s t i t u t i o n  x=e-e Eq.(15) becomes 
C' 

r = r o ( 0 )  + 61 x + 6 2  x 2 + 6 3  x3 + 0.1, (16) 0 

where 

N o t e  t h a t  f o r  8 < e c , x  i s  always nega t ive .  
is a c c u r a t e  t o  lo- '  of Eq. (13) I when jxisO.01 and t e r m s  up t o  
x 
For eosO.l, Eq.(16) i s  accura t e  t o  lo-* of Eq.(13) when 1x1sO.01 

and t e r m s  up t o  x2 are re ta ined ,  o r  when 1 ~ 1 ~ 0 . 1  and t e r m s  up t o  
x3 are r e t a i n e d .  

For eoL0.25, Eq.(16) 

2 are r e t a i n e d  or  when 1~1~0.05 and t e r m s  up t o  x3 are r e t a i n e d .  

The o r b i t  of t h e  d e s t i n a t i o n  p l a n e t  can be r e p r e s e n t e d  
by an e l l i p s e  

a (1-e 2 ) h2/GM 2 a (1-e ) 

P P P  P P P P 
- r =  - P - - 

p l+e  cos(8 - W  ) l+e cos(8-B-w ) l+e c o s ( x - ~ - ~  + e c )  ' 
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where 
a i s  t h e  semi-major a x i s  of  t h e  p l a n e t a r y  

P 
o r b i t  , 

e i s  t h e  e c c e n t r i c i t y  of the  p l a n e t a r y  
P 

o r b i t  , 
w i s  t h e  argument of p e r i c e n t e r  of t h e  
P 

p l a n e t a r y  o r b i t ,  

e = e - B  i s  t h e  angle  between t h e  r e f e r -  
P 

ence d i r e c t i o n  and r and 
-P 

h = [ G ( M + m ) a p ( l - e p ) ]  i s  t h e  s p e c i f i c  
P 

angu la r  momentum of t h e  p l a n e t  w i t h  

r e s p e c t  t o  the sun.  

The series expansion of r of Eq.(18) about  x=O i s :  
P 

I n  o r d e r  t o  show r 
t e r m s  of x ,  w e  must a l s o  express  6 i n  terms of x .  

of Eq.(19) can  be r ep resen ted  e x p l i c i t l y  i n  
P 

To expres s  B i n  terms of x ,  w e  have t o  make u s e  of 
t h e  series expansion of t h e  t i m e  of f l i g h t  of t h e  d e s t i n a t i o n  
p l a n e t  and t h a t  of t h e  s p a c e c r a f t ;  they  are, r e s p e c t i v e l y ,  

I ( 2 1 )  1 2 1  t = t ( 0 )  + t p o )  (x-B) + - t I 1  ( 0 )  (x-B) + - t I l ' ( O )  ( X - B l 3  + 
P P  2! p 3! p 

= t ( 0 )  + tA(O)x + - t I I  1 ( 0 ) x  2 1  + -tll '(0)x 3 + * e *  , to 0 2! 0 3! 0 
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where t h e  d e r i v a t i v e  of t i m e  with r e s p e c t  t o  x can be shown t o  
be (prime deno tes  t h e  d e r i v a t i v e  w i t h  r e s p e c t  t o  e or  x )  

t " ' ( 0 )  = 2 (A1+2A 2 ) t '  (0 )  I P 2 P  

and 

th where N ( 0 )  i s  d e f i n e d  by E q s .  (9a) and ( 1 0 )  and t h e  zero  - 
o r d e r  approximation of N ( 0 )  is u n i t y  as shown i n  Appendix I. 

S ince  t =t a t  a l l  t i m e s  and t ( 0 ) = t o ( O ) ,  w e  have by 
P O  P 

e q u a t i n g  E q s . ( 2 1 )  and ( 2 2 )  

t y o )  (x+B) + - t i ( O )  1 (x+B)2 + Atyo) ( x + B P  + = 
Y A i  J .  r 

n Neglec t ing  t e r m s  c o n t a i n i n g  en o r  x 
s i m p l i c i t y ,  w e  o b t a i n  t h e  fol lowing q u a d r a t i c  e q u a t i o n  i n  6 

w i th  1-113 f o r  t h e  sake  of 

-[,I1 1 ( 0 )  + t " ' ( 0 ) X  + -t1111(0)x2] 1 B2-[t' ( 0 )  + t" (O)x+ -t"'(O)x 1 2 3 6 
2 P  P 2 P  P P 2 P  

1 2 
2 P  

+ I t i ( 0 )  - t;(O)lx + - [ t"(O) - t ; j ( O ) l x  = 0 . 

The s o l u t i o n  of Eq. (25) i s  approximately 

2 
$ = - (klx + k2X ) I 
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where 

- 11 - 

and 

1 (l+kl)  El- Al(l+kl) - N '  2 N ( 0 )  (01 . 
k 2 =  2 t '  ( 0 )  

P 

w i t h  

3 N o t e  t h a t  if B 3  and x 
a cubic equat ion ,  and t h e  s o l u t i o n  would be  more a c c u r a t e  f o r  
larger va lues  of x. 

Equat ion ( 1 9 )  t hen  becomes, by r e t a i n i n g  terms UP t o  X I 

t e r m s  were r e t a i n e d ,  w e  would have t o  s o l v e  

2 

(29  j 2 
1: = (0) (1 + D1" + D2X ) 1 

P zP 

= A k + ~ * ( i + K ~ j  2 . (3Oj D2 1 2  where D1 = A l ( l + k l )  i and 

The d i s t a n c e  from t h e  c e n t e r  of t h e  p l a n e t  t o  t h e  
s p a c e c r a f t  i s  

I n  t e r m s  of E q s .  ( 1 6 1 ,  ( 2 6 )  and (291,  E q .  ( 3 1 1  can be approximated, 
by r e t a i n i n g  t e r m s  up t o  x 2 , a s  

1 
2 2  r = r (x) (a+bx+cx ) , 

PS P ( 3 2 )  

} ( 3 3 )  
where a = ( 2 - 1 )  2 , b = 2 a ( a - 1 )  (61-D1) , and 

c = [ a  (R1+262+3D1-2D,-461D1) 2 2 -2 (6 -D +D2-61D1- Fl) 1 2  1 2 2  
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Note t h a t  r 
approaches zero.  Note a l s o  t h a t  a=b=O when R = l f  i .e . ,  when 

ro(0)=r ( 0 )  o r  s c = O  f o r  a f i c t i t i o u s  point-mass p l a n e t .  

With t h e  expansions in t roduced  i n  E q s . ( l 6 ) ,  ( 2 6 1 ,  

does n o t  van i sh  and is e q u a l  t o  r o ( 0 ) - r  ( 0 )  as x 
PS P 

P 

(291, and ( 3 2 ) ,  Eq. ( 1 0 )  becomes 

where 

U(x) = x ( l + f x )  1 2 3 4  
(a+bx+cx ) 

E = k r (0)113 and 
2 1 P  

hO 

S i m i l a r l y ,  E q s .  (11) and (12) become 

and 

1 
2 (a+bx+cx ) 

+ II 2 (l+b2X+C2X 

(35)  

(37)  

where 

N o t e  t h a t  U, and t h e r e f o r e  S,  van i sh  as x approaches ze ro  s i n c e  a 
is nonvanishing f o r  I s c / > O .  
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and 

w = l ,  

- 13 - 

k2 
kl 

f = 361 - 2D1 + - , 

b2 = 2 ( 6  -D ) , 1 1  
2 2  c2 = 2 ( 6  -D ) + ti1+3D1 - 461D1 - 2 2  

I t  i s  impor tan t  t o  no te  t h a t  as  x approaches z e r q  E S ( X )  and 

F ( x )  do n o t  d i s p l a y  t h e  troublesome s i n g u l a r  behavior  t h a t  w a s  

encountered by previous  i n v e s t i g a t o r s  111-'61 of r e s t r i c t e d  
three-body problems. I n  f a c t ,  S ( x )  approaches ze ro  a s  x does 
excep t  i n  t h e  case  L = l  ( s c = O ) ,  when S ( x )  v a r i e s  a s  - c 

GS x approaches ZELU. T h i s  case w i l l  be d i scussed  l a t e r .  

-3/2 x-2 

It t u r n s  o u t  t h a t  the  fo l lowing  i n t e g r a l  can be 
i n t e g r a t e d  

1: -1 (b+2cx) -& s i n h  2a(bf -2c)  + [ f  (b2-g) - 2bcIx - - 
G cg(a+bx+cx2) 1 / 2  

i 

g = 4ac - b2 > 0. (39a) where 

For real is t ic  c a s e s  where a and b are always non-vanishing,  w e  
show i n  Appendix I t h a t  ~ ( x )  i s  always p o s i t i v e  f o r  nega t ive  
va lues  of x, and less than  un i ty .  With t h e  a i d  of Eq. ( 3 9 ) ,  t h e  

e v a l u a t i o n  of N(x) of Eq.(9b)  can be s i m p l i f i e d  somewhat. 
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Although Eq.(37) i s  l i n e a r ,  t h e r e  i s  no available 
a n a l y t i c  method t o  solve t h e  homogeneous p a r t  of t h e  e q u a t i o n  

e x a c t l y  due t o  the p resence  of t h e  v a r i a b l e  damping c o e f f i c i e n t  
E S ( X ) .  One p o s s i b l e  approximate m e t h o d  is t o  c o n s i d e r  t h e  
damping term ES ( x ) g  as a p e r t u r b a t i o n  term and apply 

P o i n c a r e ' s  f i rs t -order  small-parameter expansion.  This  

approximation method, however, would n o t  be a c c u r a t e  enough f o r  
ou r  purpose s i n c e  E S ( X )  for the case of a close f l y b y  could  be 
a f e w  o r d e r s  of magnitude l a r g e r  t h a n  u 2 = 1  i n  the r e g i o n  where 
x approaches zero. F igure  A 2  i n  Appendix I should  r e p r e s e n t  t h e  
order-of-magnitude v a r i a t i o n  of ES(X)  very  c l o s e l y  s i n c e  E S ( X ) =  

2 2 P(x)/N ( x ) ,  where N (x)  ranges  between u n i t y  and about  two, as 
shown i n  Appendix I. To g a i n  some p h y s i c a l  i n s i g h t  w e  a l s o  p l o t  
bo th  E S  ( x ) g  and F (x) i n  F ig .2  for d i f f e r e n t  v a l u e s  of sc. N o t e  
t h e  s t e e p  v a r i a t i o n s  and change of s i g n  of F ( x )  i n  t h e  neighbor- 
hood of the  sphere  of i n f l u e n c e  for  cases s = = ~ O - ~  and 0.25~10-~. 
Also n o t e  t h a t  there is  always a r e g i o n  where E S ( X ) &  d and F ( x )  

are of t h e  same o r d e r  of magnitude. 

An approximate method t o  s o l v e  a d i f f e r e n t i a l  equa- 
tior! similar te t h e  hsmogeneous p a r t  Gf Eq.(37j has  r e c e n t l y  

r s i - L g j  
been developed - * . T h e  approximate homogeneous s o l u t i o n  
thus  ob ta ined  i s  a c c u r a t e  t o  O ( E  2 ) and has  t h e  f o r m  191 

I 

i A 
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wi th  

and 

2 
B = y ' ( x . )  h i  - i [ w + - > S(x i )  ] h i  y (x  ) . 

where yh(x i )  and y i ( x i )  are t h e  zeroth-order t r i a l  i n i t i a l  
c o n d i t i o n s  ob ta ined  from Eqs.(13)  and ( 1 4 ) .  The approximate 
s o l u t i o n ,  E q .  ( 4 0 )  I i s  a c c u r a t e  to  O ( E  ) as shown i n  r e f e r e n c e  
[ 91 .  The r e l e v a n t  i inportant  r e s u l t s  of r e f e r e n c e  [ 9 1  are 

summarized i n  Appendix 11. 

2 

where K i s  a c o n s t a n t  ob ta ined  from Abel's formula fo r  t h e  
Wronskian. I n  t h i s  case, 



BELLCOMM, INC. - 16 - 

The approximate g e n e r a l  s o l u t i o n  of  Eq.(37) t h e r e f o r e  i s  

The d e r i v a t i v e s  of the  s o l u t i o n  can be ob ta ined  n e a t l y  as follows 

(43) 

Equat ion ( 4 4 )  can be expressed  i n  t e r m s  of y '  of Eq.(43) as :  
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Comparison of Eq.(45)  w i t h  t h e  o r i g i n a l  d i f f e r e n t i a l  equa t ion  (37)  
i n d i c a t e s  t h a t  Eq.(45)  i s  i n  e r r o r  on ly  i n  t h e  c o e f f i c i e n t  of y 

CI 

E'  

- 2  by a ve ry  s m a l l  real  p a r t  - S ( x )  

t h e  r e s u l t s  ob ta ined  i n  r e f e r e n c e  
and Eq. (45) becomes U ' ( 0 )  = - 1 

N2 (0 )  
3 2 2  S ' ( 0 )  = 

a ' N (0 )  

and an imaginary p a r t  

These are i n  agreement w i t h  

[ 91 .  A t  x = O ,  S ( O ) = O ,  

The approximate second d e r i v a t i v e  of  Eq.(45) i s  t h e r e f o r e  
i d e n t i c a l  t o  t h e  o r i g i n a l  d i f f e r e n t i a l  Eq.(37)  a t  x=O. 

The s p a c e c r a f t  d i s ta i ice  from t h e  sun and i t s  d e r i v a -  
t i v e s  wi th  r e s p e c t  t o  x can t h u s  be ob ta ined  from Eqs. ( 4 2 )  

through ( 4 4 )  as follows: 

It i s  e v i d e n t ,  however, t h a t  due t o  t h e  presence  of t h e  p e r t u r b -  
i n g  d e s t i n a t i o n  p l a n e t ,  y ( 0 )  thus  ob ta ined  from Eq. ( 4 2 )  w i l l  n o t  
m e e t  t h e  r e q u i r e d  t e r m i n a l  cond i t ion  s p e c i f i e d  i n  E q . ( l 4 a )  be- 

cause  t h e  i n i t i a l  c o n d i t i o n s  used  i n  Eq.(40d) are ob ta ined  by 
i g n o r i n g  t h e  presence  of t h e  d e s t i n a t i o n  p l a n e t .  To m e e t  t h e  
t e r m i n a l  c o n d i t i o n  of t h i s  t a r g e t i n g  problem, o r  two-point 
boundary v a l u e  problem, t h e  i n i t i a l  c o n d i t i o n s  used i n  Eq.(40d) 
must be pe r tu rbed .  Methods, such a s  t h e  s t e e p e s t  descen t  method, 
t o  p e r t u r b  t h e  i n i t i a l  cond i t ions  i n  t h e  most e f f i c i e n t  way t o  
m e e t  t h e  t e rmina l  c o n d i t i o n s  will n o t  be d i s c u s s e d  i n  t h i s  paper .  
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Equat ion ( 4 2 )  is  t h e  formal appro imate s o l u t i o n  of 

Eq.(37) and t h e  accuracy of t h e  s o l u t i o n  can be examined on ly  
by comparing t h i s  s o l u t i o n  with t h a t  o b t a i n e d  by numer ica l ly  
i n t e g r a t i n g  t h e  o r i g i n a l  non l inea r  second o r d e r  d i f f e r e n t i a l  
equa t ion  ( 2 )  or o t h e r  equ iva len t .  Lacking such a program, w e  
cannot  c a r r y  o u t  t h e  numerical  comparison. 

Before i n v e s t i g a t i n g  t h e  case of a f i c t i t i o u s  p l a n e t  
of p o i n t  mass, w e  re i te ra te  tile y e n e r a i  a p p i i c a b i l i t y  of 
Eqs.(36)  and (37) t o  t h e  case of a s p a c e c r a f t  c o l l i d i n g  w i t h  
t h e  a c t u a l  d e s t i n a t i o n  p l a n e t .  I t  is  q u i t e  clear t h a t ,  s i n c e  
t h e  p l a n e t  has  a f i n i t e  s i z e ,  Eqs.(36) and (37)  can be used 
wi thou t  any d i f f i c u l t y  as they are. 
s l i g h t l y  smaller than  t h e  rad ius  of  t h e  d e s t i n a t i o n  p l a n e t .  

I n  t h i s  case sc might be  

111. FICTITIOUS PLANET OF POINT MASS 

Ilere w e  s h a l l  i n v e s t i g a t e  t h e  s p e c i a l  case of a 

s p a c e c r a f t  c o l l i d i n g  wi th  a f i c t i t i o u s  p l a n e t  of p o i n t  
mass, s i n c e  t h i s  corresponds d i r e c t l y  t o  t h e  case assumed 
by p rev ious  i n v e s t i g a t o r s  i1 i - i6 i  , who have had mathematical  
d i f f i c u l t i e s  i n  o b t a i n i n g  s o l u t i o n s  i n  t h e  v i c i n i t y  of 
an appa ren t  e s s e n t i a l  s i n g u l a r i t y  of t h e i r  d i f f e r e n t i a l  
equat ions .  W e  s h a l l  show t h a t  when t h e  s i n g u l a r i t y  of such an 
equa t ion  is  approached proper ly ,  w e  can always o b t a i n  a non- 
s i n g u l a r  s o l u t i o n  even a t  t h e  s i n g u l a r  p o i n t .  W e  s h a l l  f i r s t  
derive t h e  d i f f e r e n t i a l  equat ion  f o r  t h i s  case from Eqs.(36) 
and ( 3 7 ) .  A t  t h e  t i m e  of c o l l i s i o n ,  namely, as  x+O, t h e  d i s -  
t a n c e  s between t h e  s p a c e c r a f t  and t h e  f i c t i t i o u s  point-mass 
p l a n t  approaches zero and from Eq.  (28) w e  have k = l .  I n  t u r n  w e  
have from E q .  ( 3 3 )  t h e  c o e f f i c i e n t s  a=b=O and C = ( S ~ - D ~ ) ~ + ~ : ,  and 

C 
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Eqs.(36) and (37) can be simplified, respectively, as 

d2-D2 + 6:-61D1+ X 

C 3DX2 
2 2  GM [ + p L l  + b2x + c 2 x 2 ) + 

hoN ( X I  - 

To study the characteristics of Eqs.(48) and (49) as x+O, we 
simplify these equations as 

1 
+ 3/2 2 ' c x  

where 1 a s x - t O ,  

1 a s x + O .  
I (52) 

Although both the coefficients of -& d and FI(x) of Eq. (51) are 
singular as x+O, the solution in the form of Eq. (42) is 
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nons ingular  due t o  t h e  f a c t  t h a t  t h e  i n t e g r a n d  of Eq.(42), 

remains f i n i t e  as x 0 .  

as x 0 ,  t h e i r  r a t i o  i n  Eq.(53) i s  nons ingular .  Accordingly,  
t h e r e  i s  no s i n g u l a r i t y  i n  t h e  s o l u t i o n  even f o r  t h e  case of 
a d i r e c t  impact of t h e  s p a c e c r a f t  w i th  a f i c t i t i o u s  p l a n e t  
of p o i n t  mass. 

S ince  both  U (x )  and F I ( x )  vary  as x - ~  I 

I V .  SUMMARY 
An approximate a n a l y t i c  s o l u t i o n  t o  t h e  t r a j e c t o r y  

prGblcm a s""-^-'-Ft p a \ - L L A u L L  A i t u v i r r y ,  ...-.....- ~ ~ d e r  the iiifliieiice of t h e  

sun ( o r  e a r t h ) ,  t o  t h e  v i c i n i t y  of a p l a n e t  ( o r  moon) has  been 
presented for t h e  coplanar case. T h e  s o i u t i o n  i s  v a i i d  i n  
both t h e  approach phase ( t r a n s i t i o n  r eg ion )  and t h e  encounter  
phase (dominant p l a n e t a r y  o r  lunar  f o r c e  r e g i o n ) .  The s o l u t i o n  
i s  shown t o  be nons ingular  a t  t h e  t i m e  ( o r  p o i n t )  of impact,  even 

f o r  t h e  case of f i c t i t i o u s  p l a n e t  of p o i n t  m a s s .  Tile numerical  

accuracy of  t h e  s o l u t i o n  has  not y e t  been t e s t z d ,  due t o  l a c k  of  
a v a i l a b i l i t y  of a computer program f o r  d i r e c t  i n t e g r a t i o n  of t h e  
n o n l i n e a r  d i f f e r e n t i a l  equat ions  of t h e  cop lana r  case. 
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APPENDIX I 

A CONTINUED FRACTION I N  INTEGRAL FORM 

The purpose of t h i s  appendix i s  t o  show t h a t  t h e  t i m e  
of f l i g h t  expressed  i n  t h e  fo l lowing  i n t e g r a l  e q u a t i o n  

can b e  solved approximately by t h e  method of cont inued  f r a c t i o n  
and t h e  accuracy of t h e  s o l u t i o n  t depends on t h e  number of 
f r a c t i o n s  taken  i n t c  consideration i n  evaluating t h e  i n t e g r a l .  

D i f f e r e n t i a t i n g  Eq.(7) w i t h  r e s p e c t  t o  8 ,  w e  have 

S u b s t i t u t i o n  of t h e  above equat ion  i n t o  Eq. ( 7 )  r e p e a t e d l y  for  
f o u r  t i m e s  y i e l d s  

where N i s  shown i n  Eq.  ( 9a ) .  

F u r t h e r  r epea ted  s u b s t i t u t i o n s  w i l l  i n t r o d u c e  more 
f r a c t i o n s  and more accuracy i n  N ,  b u t  w e  choose o n l y  up t o  f o u r  
s u b s t i t u t i o n s  h e r e  i n  o r d e r  t o  l i m i t  t h e  complexity i n  evalua-  
t i n g  N. 



I 
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Equat ion (9a) i s  exact, b u t  i t s  approximate eva lua t ion  cannot  be 

c a r r i e d  o u t  un le s s  t h e  t e r m  Pd t  can be neg lec t ed .  From 

Eq. ( 7 )  w e  know t h a t  p l t r s L i i n B  d t  = It hoy2Pdt is  a p e r t u r -  
0 t, t: 

A- A 

b a t i o n  term and t h e r e f o r e  i n  gene ra l  i t s  a b s o l u t e  value should  
be less than  u n i t y  which i s  the unper turbed  t e r m .  Unless 6' hoy2Pdt i s  much less than  u n i t y  t h e  accuracy of N depends on 

i L 

t h e  number of f r a c t i o n s  used, as demonstrated i n  t h e  fo l lowing  

case 

No = 1 

N1 = 1 +r Pdx = 1.116,181,855 
i X 

N2 = 1 + !Lnf+[II?dx) = 1.109,913,806 

N 4 = 1 +  Pdx 

X 

- 

I Pdx 1 '  I i + 

= 1.110,118,675 



TABLE AI 

N AND t ACCURACY COMPARISON 

Common 
Parameters 

x = -0.01, x = 0, i 

= 0.32369~1O-~(Mars) , GM = 0.295913~10-~ (a.u.)3/day 2 

a = 1.5914690 a.u., e = 0, 
P P 

R = radius 

s (a.u.) 
C 

a (a.u.) 
e 
u (deg.1 

0 

0 

0 

NO 
2 
4 

?J 
- -  
LA 

N, 
3 

N1 

t2 

t3 

(44R) 

1.334,011,000 
0.238,284,200 

151.730,843 

1.010,377,778 
1.010,431,625 

1.312,353,898 
1.306,661,757 

1.306,661,635 
1,306,639,661 

(4.4R) 

1.332,574,000 
0.238,142,400 

151.972,132 

1. 
1.109,913,806 
1.110,118,675 

1.110,124,055 
1.116,181,855 

1.311,543,912 
1.303,101,740 

1.303,094,916 
1.302,857,424 

1.332,454,000 
0.238,131,500 

151.992,166 

1. 
1.383 , 419 , 071 
1.390,855,75: 

1.391,487,836 
1.467,292,800 

1.311,478,094 
1.303,121,932 

1.303,075,164 
1.302,549,041 
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A P P E N D I X  I1 

D I F F E R E N T I A L  E Q U A T I O N S  W I T H  P E R T U R B I N G  S I N G U L A R  DAMPING 

Many p h y s i c a l  problems are c h a r a c t e r i z e d  by t h e  
presence  of a p e r t u r b i n g  f o r c e  which can be e i t h e r  c o n s t a n t  
o r  vary ing .  The e x a c t  s o l u t i o n  of a s imple  l i n e a r  o s c i l l a t o r  
w i t h  c o n s t a n t  damping i s  w e l l  known, b u t  t h a t  w i t h  a r b i t r a r i l y  
vary ing  damping i s  unobtainable  wi thou t  r e s o r t i n g  t o  numerical  
i n t e g r a t i o n .  For example, t h e  fo l lowing  d i f f e r e n t i a l  equa t ion  
f o r  a l i n e a r  o sc i l l a to r  wi th  a p e r t u r b i n g  s i n g u l a r  damping 
t e r m  cannot  be so lved  e x a c t l y  by p r e s e n t l y  known methods and 
f u n c t i o n s  

2 2 
2, E- 1 *+  o y =  0 
dx 2 x  2 dx 

where E is  a p o s i t i v e  r e a l  parameter much less than  u n i t y  
and w a p o s i t i v e  r e a l  cons t an t  of o ( 1 ) .  I t  can be 

shown t h a t  f o r  1x1 > PoincarG's p e r t u r b a t i o n  method of  
s m a l l  parameter expans ion  w i l l  y i e l d  a f i r s t  o r d e r  homogeneous 
s o l u t i o n  a c c u r a t e  t o  o ( E *  ;F )which i s  s i n g u l a r  as x+O. 
For 0 < 1x1 < & h ighe r  o r d e r  p e r t u r b a t i o n  s o l u t i o n  cannot  
improve t h e  accuracy of t h e  s o l u t i o n  i n  t h e  neighborhood of 
t h e  s i n g u l a r  p o i n t  a t  x=O, because of t h e  apparent  s i n g u l a r  
n a t u r e  of t h e  p e r t u r b i n g  t e r m  i n  E q .  ( A l )  . 

2 

With t h e  a i d  of  a v a r i a b l e  t r ans fo rma t ion ,  an  approxi- 
m a t e  s o l u t i o n  of Eq. ( A l l  can be shown ['I t o  have t h e  form 
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c1 = y ( t J  
I 

where 

I t  i s  impor tan t  t o  no te  t h a t  t h e  s o l u t i o n  i n  t h e  form of E q .  ( A 2 )  

i s  nons ingular  as X+O- from negat ive  va lues .  

I n  t h i s  appendix w e  p r e s e n t  r e s u l t s  from Reference 9 
2 showing t h a t  E q .  ( A 2 j  i s  a t  l e a s t  a c c u r a t e  t o  O ( E  1 ,  as x+O- from 

nega t ive  va lues ,  Is: comparing it wi th  t h e  "exact ' '  s o l u t i o n  
ob ta ined  by numerical ly  i n t e g r a t i n g  E q . ( A l ) .  Fig.A3 shows, 
f o r  t h e  case E =  1.9 I t h e  comparison of r e l a t i v e  d i f f e r e n c e  

-4 

h c t w e p ~  UyyL = ~ q > - * \ x * - i  V I I . . . & L L U  b L  r:. c c l  Y Y I r > t ;  u C I I V l l  an - 7  y U I I u  9-2 J-L- Liic -.----- i i u i i i c L i L a i ~ y  - - 1  1 - -  if i teyraied * 

Tl-. 1 ~ ' ~  . perturbation s o l u t i o n  is  a l s o  shown i n  Fig.A3 
N I  

- 4  

s o l u t i o n  y 

f o r  comparison. The p e r t u r b a t i o n  s o l u t i o n  is computed only  up 
t o  x = -10 , s i n c e  t h e  f i r s t  o rde r  p e r t u r b a t i o n  s o l u t i o n  i s  no 
longe r  v a l i d  f o r  1x1<10 - 4  and i t s  e r r o r  increases as o ( 2  E $2). 

I t  i s  seen by comparison t h a t  t h e  approximate s o l u t i o n  i s  o r d e r s  
of magnitude more a c c u r a t e  than t h e  f i r s t  o r d e r  p e r t u r b a t i o n  
s o l u t i o n  i n  t h e  reg ion  n e . z  t h e  apFareiit s i n g u l a r  p o i n t .  Fig.A4 
shows t h a t  t h e  va r i . a t ion  c,;  accuracy of t h e  approximate s o l u t i o n  
i s  a t  l eas t  of t h e  o rde r  of E . Table A I 1  shows t h e  corresponding 
numerical  va lues  used i n  p l o t t i n g  Fig.A4. 
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FIGURE 1 - THREE-BODY COPLANAR CONFIGURATION IN POLAR COORDINATE SYSTEM 
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